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THE SASAKI JOIN, HAMILTONIAN 2-FORMS, AND
SASAKI-EINSTEIN METRICS
CHARLES P. BOYER AND CHRISTINA W. TØNNESEN-FRIEDMAN
Abstract. By combining the join construction [BGO07] from
Sasakian geometry with the Hamiltonian 2-form construction [ACG06]
from Ka¨hler geometry, we recover Sasaki-Einstein metrics discov-
ered by physicists [GMSW04a]. Our geometrical approach allows
us to give an algorithm for computing the topology of these Sasaki-
Einstein manifolds. In particular, we explicitly compute the coho-
mology rings for several cases of interest and give a formula for
homotopy equivalence in one particular 7-dimensional case. We
also show that our construction gives at least a two dimensional
cone of both Sasaki-Ricci solitons and extremal Sasaki metrics.
1. Introduction
Recently the authors have been able to obtain many new results
on extremal Sasakian geometry [BTF13b, BTF13a, BTF14a] by giv-
ing a geometric construction that combines the ‘join construction’ of
[BG00, BGO07] with the ‘admissible construction of Hamiltonian 2-
forms’ for extremal Ka¨hler metrics described in [ACG06, ACGTF04,
ACGTF08b, ACGTF08a]. In particular, we have proven the existence
of Sasaki metrics of constant scalar curvature in a countable number of
contact structures of Sasaki type with 2-dimensional Sasaki cones on
S3-bundles over Riemann surfaces of positive genus. In this case the
contact bundle D satisfies c1(D) 6= 0. These are all the 2-dimensional
Sasaki cones on S3-bundles over Riemann surfaces that one can con-
struct through our method. In the present paper we consider the case
of certain lens space bundles over a compact positive Ka¨hler-Einstein
manifold whose contact bundle has vanishing first Chern class. In this
case a constant scalar curvature Sasaki metric (CSC) implies the exis-
tence of a Sasaki-Einstein metric in the CSC ray.
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Earlier, physicists [GHP03, GMSW04b, GMSW04a, CLPP05, MS05]
working on the AdS/CFT correspondence had discovered a method
of constructing Sasaki-Einstein metrics in dimension 2n + 3 from a
Ka¨hler-Einstein metric on a 2n-dimensional manifold. Their method
is very closely related to the Hamiltonian 2-form approach of [ACG06]
(cf. Section 4.3 of [Spa11]). In the present paper we show that the
physicist’s results fit naturally into our geometric construction. Fur-
thermore, our geometric approach leads naturally to an algorithm for
computing the cohomology ring of the 2n + 3-manifolds. In particu-
lar, we explicitly compute the cohomology ring of all such examples
in dimension 7 showing that there are a countably infinite number of
distinct homotopy types of such manifolds.
Our procedure involves taking a join of a regular Sasaki-Einstein
manifold M with the weighted 3-sphere S3w, that is, S
3 with its the
standard contact structure, but with a weighted contact 1-form whose
Reeb vector field generates rotations with different weights for the two
complex coordinates z1, z2 of S
3 ⊂ C2. We call this the S3w-join.
Theorem 1.1. Let Ml1,l2,w = M ⋆l1,l2 S
3
w be the S
3
w-join with a reg-
ular Sasaki manifold M which is an S1-bundle over a compact posi-
tive Ka¨hler-Einstein manifold N with a primitive Ka¨hler class [ωN ] ∈
H2(N,Z). Assume that the relatively prime positive integers (l1, l2) are
the relative Fano indices given explicitly by
l1 =
IN
gcd(w1 + w2, IN)
, l2 =
w1 + w2
gcd(w1 + w2, IN)
,
where IN denotes the Fano index of N .
Then for each vector w = (w1, w2) ∈ Z
+ × Z+ with relatively prime
components satisfying w1 > w2 there exists a Reeb vector field ξv in the
2-dimensional w-Sasaki cone on Ml1,l2,w such that the corresponding
Sasakian structure S = (ξv, ηv,Φ, g) is Sasaki-Einstein. Additionally
(up to isotopy) the Sasakian structure associated to every single ray,
ξv, in the w-Sasaki cone is a Sasaki-Ricci soliton as well as extremal.
By the w-Sasaki cone we mean the subcone of Sasaki cone spanned
by the 2-vectorw. Note also that if N has no Hamiltonian vector fields,
then the w-Sasaki cone is the full Sasaki cone, so in this case the Sasaki
cone is exhausted by extremal Sasaki metrics as well as Sasaki-Ricci
solitons.
Most of the SE structures in Theorem 1.1 are irregular. Such struc-
tures have irreducible transverse holonomy [HS12], implying there can
be no generalization of the join procedure to the irregular case. We
must deform within the Sasaki cone to obtain them. Furthermore, it
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follows from [RT11, CS12] that constant scalar curvature Sasaki met-
rics (hence, SE) imply a certain K-semistability.
An easy case in all possible dimension is joining with the standard
odd dimensional sphere in which case we obtain:
Theorem 1.2. For each pair of ordered (w1 > w2) relatively prime
positive integers (w1, w2) there is a 2r+3-dimensional Sasaki-Einstein
manifold M2r+3l1,l2,w whose cohomology ring is
Z[x, y]/(w1w2l
2
1x
2, xr+1, x2y, y2)
where x, y are classes of degree 2 and 2r + 1, respectively, and (l1, l2)
are given by
(l1, l2) =
( r + 1
gcd(w1 + w2, r + 1)
,
w1 + w2
gcd(w1 + w2, r + 1)
)
.
This theorem provides us with many examples of Sasaki-Einstein
manifolds with isomorphic cohomology rings. We have
Corollary 1.3. Let k denote the length of the prime decomposition
of w1w2, then there are 2
k−1 simply connected Sasaki-Einstein mani-
folds of dimension 2r + 3 determined by Theorem 1.2 with isomorphic
cohomology rings such that H4 has order w1w2l
2
1.
For the manifolds M7l1,l2,w of dimension 7 (r = 2) much more is
known about the topology. These are special cases of what are called
generalized Witten spaces in [Esc05]. In particular, the homotopy type
was given in [Kru97], while the homeomorphism and diffeomorphism
type was given in [Esc05]. For our subclass admitting Sasaki-Einstein
metrics we give necessary and sufficient conditions on w for homotopy
equivalence when the order of H4 is odd in Proposition 4.9 below.
Thus, we answer in the affirmative the existence of Einstein metrics on
certain generalized Witten manifolds.
Aside from the w-join with the 5-sphere, for dimension 7 our method
produces Sasaki-Einstein manifoldsM7k,w on lens space bundles over all
del Pezzo surfaces CP2#kCP
2
that admit a Ka¨hler-Einstein metric. In
particular
Theorem 1.4. For each relatively prime pair (w1, w2) there exist Sasaki-
Einstein metrics on the 7-manifolds M7k,w with cohomology ring
Hq(M7k,w,Z) ≈


Z if q = 0, 7;
Zk+1 if q = 2, 5;
Zkw1+w2 × Zw1w2 if q = 4;
0 if otherwise,
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with the ring relations determined by αi ∪ αj = 0, w1w2s
2 = 0,
(w1+w2)αi ∪ s = 0, and αi, s are the k+1 two classes with i = 1, · · ·k
where k = 3, · · · , 8. Furthermore, when 4 ≤ k ≤ 8 the local moduli
space of Sasaki-Einstein metrics has real dimension 4(k − 4).
The paper is organized as follows. Section 2 gives a brief review of
ruled manifolds that are the projectivization of a complex rank 2 vector
bundle of the form S = P(1l⊕ L) over a Ka¨hler-Einstein manifold N .
These admit Hamiltonian 2-forms that give rise to the Ka¨hler admissi-
ble construction that is necessary for our procedure. In the somewhat
long Section 3 we describe our join construction, in particular, the join
with the weighted 3-sphere, S3w. We then discuss in detail the or-
bit structure of quasi-regular Reeb vector fields in the w-Sasaki cone.
Generally, the quotients appear as orbifold log pairs (S,∆) which fiber
over N with fiber an orbifold of the form CP1[v1, v2]/Zm, where ∆ is
branch divisor, and CP1[v1, v2] is a weighted projective space. More-
over, we give conditions for the existence of a regular Reeb vector field,
that is, when the quotient has a trivial orbifold structure. In Section 4
we discuss the topology of the joins, giving an algorithm for computing
the integral cohomology ring. We work out the details in several cases
which gives the proofs of Theorems 1.2, 1.4, and Corollary 1.3. Finally,
in Section 5 we present the details of the admissibility conditions that
proves Theorem 1.1.
Acknowledgements. The authors would like to thank David Calder-
bank for discussions and Matthias Kreck for providing us with a proof
that the first Pontrjagin class is a homeomorphism invariant.
2. Ruled Manifolds
In this section we consider ruled manifolds of the following form. Let
(N, ωN) be a compact Ka¨hler manifold with primitive integer Ka¨hler
class [ωN ], that is, a Hodge manifold. Consider a rank two complex
vector bundle of the form E = 1l⊕L where L is a complex line bundle on
N and 1l denotes the trivial bundle. By a ruled manifold we shall mean
the projectivization S = P(1l⊕L). We can view S as a compactification
of the complex line bundle L on N by adding the ‘section at infinity’.
For x ∈ N we let (u, v) denote a point of the fiber Ex = 1l⊕Lx. There
is a natural action of C∗ (hence, S1) on E given by (c, z) 7→ (c, λz) with
λ ∈ C∗. The action z 7→ λz is a complex irreducible representation of
C∗ determined by the line bundle L. Such representations (characters)
are labeled by the integers Z. Thus, we write L = Ln for n ∈ Z and
refer to n as the ‘degree’ of L.
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2.1. A Construction of Ruled Manifolds. We now give a con-
struction of such manifolds. Let S1−−→M−−→N be the circle bundle
over N determined by the class [ωN ] ∈ H
2(N,Z). We denote the
S1-action by (x, u) 7→ (x, eiθu). Now represent S3 ⊂ C2 as |z1|
2 +
|z2|
2 = 1 and consider an S1-action on M ×S3 given by (x, u; z1, z2) 7→
(x, eiθu; z1, e
inθz2). There is also the standard S
1-action on S3 given by
(z1, z2) 7→ (e
iχz1, e
iχz2) giving a T
2-action on M × S3 defined by
(1) (x, u; z1, z2) 7→ (x, e
iθu; eiχz1, e
i(χ+nθ)z2).
Lemma 2.1. The quotient by the T 2-action of Equation (1) is the
projectivization Sn = P(1l⊕ Ln).
Proof. First we see from (1) that the action is free, so there is a natu-
ral bundle projection (M × S3)/T 2−−→N defined by π(x, [u; z1, z2]) =
x where the bracket denotes the T 2 equivalence class. The fiber is
π−1(x) = [u; z1, z2] which since u parameterizes a circle is identified
with S3/S1 = CP1. This bundle is trivial if and only if n = 0 and n
labels the irreducible representation of S1 on the line bundle Ln. 
We can take the line bundle L1 to be any primitive line bundle in
Pic(N). In particular, we are interested in the taking L1 to be the line
bundle associated to the primitive cohomology class [ωN ] ∈ H
2(N,Z).
Then we have
Lemma 2.2. The following relation holds: c1(Ln) = n[ωN ].
Proof. Equation (1) implies that the S1-action on the line bundle Ln
is given by z 7→ einθz. But we know that the definition of M that it
is the unit sphere in the line bundle over N corresponding to n = 1,
and this corresponds to the class [ωN ], that is c1(L1) = [ωN ]. Thus,
c1(Ln) = n[ωN ]. 
2.2. The Admissible Construction. Let us now suppose that (N, ωN)
is Ka¨hler-Einstein with Ka¨hler metric gN and Ricci form ρN = 2πINωN ,
where IN denotes the Fano index. We will also assume that n from Sec-
tion 2.1 is non-zero. Then (ωNn, gNn) := (2nπωN , 2nπgN) satisfies that
(gNn, ωNn) or (−gNn ,−ωNn) is a Ka¨hler structure (depending on the
sign of n). In either case, we let (±gNn ,±ωNn) refer to the Ka¨hler
structure. We denote the real dimension of N by 2dN and write the
scalar curvature of ±gNn as ±2dNnsNn . [So, if e.g. −gNn is a Ka¨hler
structure with positive scalar curvature, sNn would be negative.] Since
the (scale invariant) Ricci form is given by ρN = sNnωNn, it is easy to
see that sNn = IN/n.
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Now Lemma 2.2 implies that c1(Ln) = [ωNn/2π]. Then, following
[ACGTF08b], the total space of the projectivization Sn = P(1l ⊕ Ln)
is called admissible.
On these manifolds, a particular type of Ka¨hler metric on Sn, also
called admissible, can now be constructed [ACGTF08b]. We shall de-
scribe this construction in Section 5 where we will use it to prove The-
orem 1.1.
An admissible Ka¨hler manifold is a special case of a Ka¨hler manifold
admitting a so-called Hamiltonian 2-form. Let (S, J, ω, g) be a Ka¨hler
manifold of real dimension 2n. Recall [ACG06] that on (S, J, ω, g) a
Hamiltonian 2-form is a J-invariant 2-form φ that satisfies the differ-
ential equation
(2) 2∇Xφ = dtr φ ∧ (JX)
♭ − dctr φ ∧X♭
for any vector field X . Here X♭ indicates the 1-form dual to X , and
tr φ is the trace with respect to the Ka¨hler form ω, i.e. tr φ = g(φ, ω)
where g is the Ka¨hler metric. Note that if φ is a Hamiltonian 2-form,
then so is φa,b = aφ+ bω for any constants a, b ∈ R.
A Hamiltonian 2-form φ induces an isometric hamiltonian l-torus
action on S for some 0 ≤ l ≤ n. To see this, we follow [ACG06] and
use the Ka¨hler form ω to identify φ with a Hermitian endomorphism.
Consider now the elementary symmetric functions σ1, . . . , σn of its n
eigenvalues. The Hamiltonian vector fields Ki = Jgradσi are Killing
with respect to the Ka¨hler metric g. Moreover the Poisson brack-
ets {σi, σj} all vanish and so, in particular the vector fields K1, ..., Kn
commute. In the case where K1, ..., Kn are independent, we have that
(S, J, ω, g) is toric. In fact, it is a very special kind of toric, namely
orthotoric [ACG06]. In general, it is proved in [ACG06] that there ex-
ists a number 0 ≤ l ≤ n such that the span of K1, ..., Kn is everywhere
at most l − dimensional and on an open dense set S0 K1, ..., Kl are
linearly independent. Now l is called the order of φ. We have 0 ≤ l ≤ n.
The admissible metrics as described in section 5 admit a Hamiltonian
2-form of order one (see Remark 5.1).
3. The Join Construction
The join construction was first introduced in [BG00] for Sasaki-
Einstein manifolds, and later generalized to any quasi-regular Sasakian
manifolds in [BGO07] (see also Section 7.6.2 of [BG08]). However,
as pointed out in [BTF13a] it is actually a construction involving the
orbifold Boothby-Wang construction [BW58, BG00], and so applies to
quasi-regular strict contact structures. Although it is quite natural to
do so, we do not need to fix the transverse (almost) complex structure.
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Moreover, in [BTF14a] it was shown that in the special case of S3-
bundles over Riemann surfaces a twisted transverse complex structure
on a regular Sasakian manifold can be realized by a product transverse
complex structure on a certain quasi-regular Sasakian structure in the
same Sasaki cone. We are interested in exploring just how far this
analogy generalizes.
The general join construction proceeds as follows. Given compact
quasi-regular contact manifolds (Mi, ηi) where Si is a Sasakian struc-
ture with contact forms ηi and dimMi = 2ni + 1 together with a pair
of relatively prime integers (l1, l2), we construct new contact orbifolds
M1 ⋆l1,l2 M2 of dimension 2(n1 + n2) + 1 as follows: the Reeb vector
fields ξi of ηi generate a locally free circle action whose quotient Zi is a
symplectic orbifold with symplectic form ωi satisfying π
∗
i ωi = dηi where
πi : Mi−−→Zi is the natural quotient projection. The product orbifold
Z1×Z2 has symplectic structures ωl1,l2 = l1ω1+l2ω2 where the forms ωi
define primitive cohomology classes in H2orb(Zi,Z). This implies that
the cohomology class [ωl1,l2 ] is also primitive. The orbifold Boothby-
Wang construction [BG00] then gives a contact structure with contact
form ηl1,l2 on the total space M1 ⋆l1,l2 M2 of the S
1-orbibundle over
Z1×Z2 which satisfies dηl1,l2 = π
∗ωl1,l2 where π : M1⋆l1,l2M2−−→Z1×Z2
is the natural orbibundle projection. We also note that ηl1,l2 is a con-
nection 1-form in this orbibundle. The orbifold M1 ⋆l1,l2 M2 can also
be given as the quotient space of a locally free circle action on the
manifold M1 ×M2. Let ξi denote the Reeb vector field of the contact
manifold (Mi, ηi). We consider ηl1,l2 = l1η1 + l2η2 as a 1-form on the
product M1×M2. From the Reeb vector fields ξi we construct the vec-
tor field Ll1,l2 =
1
2l1
ξ1 −
1
2l2
ξ2 which induces a locally free circle action
on M1 ×M2. This action is free if gcd(l2υ1, l1υ2) = 1 in which case
the quotient is a smooth manifold. It is called the (l1, l2)-join of M1
and M2 and denoted by M1 ⋆l1,l2 M2. Here υi denotes the order of Mi,
that is, the lcm of the orders of the isotropy groups of the locally free
action.
So far nothing has been said about Sasakian or Ka¨hlerian structures.
However, given any symplectic structure, one can choose a compatible
almost complex structure, giving an almost Ka¨hler manifold. Simi-
larly, given a quasi-regular contact structure one can choose a compat-
ible transverse almost complex structure giving a K-contact manifold.
Furthermore, the transverse almost complex structure on M is the
horizontal lift of the almost complex structure on N , and when these
structures are integrable M is Sasakian and N is Ka¨hlerian. We have
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the following easily verified facts about the Sasaki cone and the joins
of Sasaki manifolds:
• The join of extremal Sasaki metrics gives an extremal Sasaki
metric.
• The join of CSC Sasaki metrics gives a CSC Sasaki metric.
• Let (Mi,Si) be quasi-regular Sasakian manifolds with Sasaki
cones κi, respectively. Let κ⋆ denote the Sasaki cone of the join
S1 ⋆l1,l2 S2. Then we have dim κ⋆ = dim κ1 + dim κ2 − 1.
• If the dimension of the Sasaki cone κ(S) is greater than 1 then
S is of positive or indefinite type.
• If dimAut(S) > 1, then dimκ(S) > 1.
3.1. The S3w-Join. Here we apply the (l1, l2)-join construction to the
case at hand, namely, the (l1, l2)-join of a regular Sasaki manifold M
with the weighted 3-sphere S3w. M is a the total space of an S
1-bundle
over a smooth projective algebraic variety N with Ka¨hler form ωN .
The Reeb vector field ξ2 of the weighted sphere S
3
w is given by ξw =∑2
i=1wiHi where Hi is the vector field on S
3 induced by yi∂xi − xi∂yi
on R4, and w1, w2 are relatively prime positive integers. In this case
the smoothness condition becomes gcd(l2, l1w1w2) = 1 which, since
gcd(l1, l2) = 1, is equivalent to gcd(l2, wi) = 1 for i = 1, 2.
We consider the quotient M ⋆l1,l2 S
3
w of M × S
3 by the S1-action
generated by the vector field Ll1,l2. Moreover, the 1-form ηl1,l2 passes
to the quotient and gives it a contact structure. The Reeb vector field
of ηl1,l2 is the vector field
(3) ξl1,l2 =
1
2l1
ξ1 +
1
2l2
ξ2.
and we have the commutative diagram
(4)
M × S3
ց πLyπ12 M ⋆l1,l2 S3w
ւ π
N × CP1[w]
where the πs are the obvious projections, and CP1[w] is the weighted
projective space usually written as CP(w1, w2).
3.2. The Cohomological Einstein Condition. Let us compute the
first Chern class of our induced contact structure Dl1,l2,w onM⋆l1,l2S
3
w.
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For this we compute the orbifold first Chern class of N ×CP1[w], viz.
(5) corb1 (N × CP
1[w]) = c1(N) +
|w|
w1w2
PD(E)
as an element of H2(N × CP1[w],Q) ≈ H2(N,Q) ⊕ H2(CP1[w]),Q).
Now the Ka¨hler form on N×CP1[w] is ωl1,l2 = l1ωN+ l2ωw where ωw is
the standard Ka¨hler form on CP1[w] such that p∗[ωw] is a positive gen-
erator in H2orb(CP
1[w],Z) where p : BCP1[w]−−→CP1[w] is the natural
orbifold classifying projection, that is, BCP1[w] is the classfying space
associated to any groupoid representing the orbifold CP1[w] [Hae84].
Pulling ωl1,l2 back to the join Ml1,l2,w = M ⋆l1,l2 S
3
w we have π
∗ωl1,l2 =
dηl1,l2,w implying that l1π
∗[ωN ] + l2π
∗[ωw] = 0 in H
2(Ml1,l2,w,Z). So
letting I denote the ideal generated by l1π
∗[ωN ] + l2π
∗[ωw] we have
(6) c1(Dl1,l2,w) =
(
π∗c1(N) + |w|π
∗[ωw]
)
/I.
Now we assume that N is Ka¨hler-Einstein with Ka¨hler form ωN
which for convenience we assume to define a primitive class [ωN ] ∈
H2(N,Z). We also assume that (N, ωN) is monotone, that is, that
c1(N) = IN [ωN ] where IN is the Fano index of N . So Equation (6)
becomes
(7) c1(Dl1,l2,w) =
(
INπ
∗[ωN ] + |w|π
∗[ωw]
)
/I.
The cohomological Einstein condition is c1(Dl1,l2,w) = 0 or equivalently
that
(
INπ
∗[ωN ] + |w|π
∗[ωw]
)
lies in the ideal I. This implies the con-
dition l2IN = |w|l1. We have arrived at:
Lemma 3.1. Necessary conditions for the Sasaki manifold Ml1,l2,w to
admit a Sasaki-Einstein metric is that IN > 0, and that
l2 =
|w|
gcd(|w|, IN)
, l1 =
IN
gcd(|w|, IN)
.
Remark 3.2. The integers l1, l2 in Lemma 3.1 were called relative
Fano indices in [BG00]. For the remainder of the paper we assume
that these integers take the values given by Lemma 3.1.
3.3. The Tori Actions. Consider the action of the 3-dimensional
torus T 3 on the product M × S3w defined by
(8) (x, u; z1, z2) 7→ (x, e
il2θu; ei(φ1−l1w1θ)z1, e
i(φ2−l1w2θ)z2).
The Lie algebra t3 of T
3 is generated by the vector fields Ll1,l2,w, H1, H2.
Our join manifold Ml1,l2,w = M ⋆l1,l2 S
3
w is the quotient by the circle
subgroup S1θ obtained by setting φi = 0 for i = 1, 2 in Equation (8).
We can realize the quotient procedure in two stages. First, divide by
the cyclic subgroup Zl2 ⊂ S
1
θ to get M ×L(l2; l1w) and then divide by
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the quotient S1θ/Zl2 to realize Ml1,l2,w as an associated fiber bundle to
the principal S1-bundle over N with fiber L(l2; l1w). Here L(l2; l1w) is
the lens space L(l2; l1w1, l1w2).
The infinitesimal generator of the S1θ action is given by
(9) Ll1,l2 =
1
2l1
ξ1 −
2∑
j=1
1
2l2
wjHj,
and we denote its Lie subalgebra by {Ll1,l2 ,w} to indicate its depen-
dence on the weight vector w. We have an exact sequence of Abelian
Lie algebras
(10) 0−−−→{Ll1,l2,w}−−−→t3−−−→t2−−−→0.
The quotient algebra t2 is generated by the H1, H2. So as in [BTF14a]
the Sasaki cone t+2 on Ml1,l2,w is inherited by the Sasaki cone on S
3.
We refer to this 2-dimensional cone as the w-Sasaki cone or just w-
cone. We remark that t+2 may not be the full Sasaki cone, since the
Sasakian structure onM may have a Sasaki automorphism group whose
dimension is greater than one. However, here we shall only work with
the restricted Sasaki cone t+2 .
Next we consider the 2-torus action generated by setting φi = viφ in
Equation (8) where for now v1, v2 are relatively prime positive integers.
As in the proof of Proposition 3.8 of [BTF14a] we get a commutative
diagram
(11)
M × S3w
ցyπB Ml1,l2,w
ւ
Bl1,l2,v,w
where Bl1,l2,v,w is a bundle over N with fiber a weighted projective
space, and πB denotes the quotient projection by T
2. The Lie algebra
of this T 2 is generated by Ll1,l2,w,
∑
j vjHj .
The T 2 action describing the πB quotient of Diagram (11) is given
in this case, as in Equation (8), by
(12)
(x, u; z1, z2) 7→ (x, e
i
|w|
gcd(|w|,IN )
θ
u; e
i(v1φ−
IN
gcd(|w|,IN )
w1θ)z1, e
i(v2φ−
IN
gcd(|w|,IN )
w2θ)z2).
First divide by the finite subgroup Zl2 of S
1
θ givingM×L(l2; l1w1, l1w2),
where L(l2; l1w1, l1w2) is the lens space. Then the residual S
1
θ/Zl2 ≈ S
1
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action is
(13) (x, u; z1, z2) 7→ (x, e
iθu; [e
−i
l1w1
l2
θ)
z1, e
−i
l1w2
l2
θ)
z2]).
This describes
Ml1,l2,w =M ×S1 L(l2; l1w1, l1w2)
as an associated fiber bundle to the principal S1-bundle M−→N with
fiber L(l2; l1w1, l1w2) over the Ka¨hler manifold N . The brackets in
Equation (13) denote the equivalence class defined by (z′1, z
′
2) ∼ (z1, z2)
if (z′1, z
′
2) = (λ
l1w1z1, λ
l1w2z2) for λ
l2 = 1.
We now turn to the T 2 action of S1φ×(S
1
θ/Zl2) onM×L(l2; l1w1, l1w2)
given by
(14) (x, u; z1, z2) 7→ (x, e
iθu; [e
i(v1φ−
l1w1
l2
θ)
z1, e
i(v2φ−
l1w2
l2
θ)
z2]),
This gives rise to the Diagram (11)
(15)
M × L(l2; l1w1, l1w2)
ցyπB Ml1,l2,w
ւ
Bl1,l2,v,w
Let us analyze the behavior of the T 2 action given by Equation (14).
We shall see that it it not generally effective. First we notice that the
S1θ action is free since it is free on the first factor. Next we look for
fixed points under a subgroup of the circle S1φ. Thus, we impose
(eiv1φz1, e
iv2φz2) = (e
−2π
INw1
|w|
riz1, e
−2π
INw2
|w|
riz2)
for some r = 0, . . . , |w|
gcd(|w|,IN)
− 1. If z1z2 6= 0 we must have
(16) v1φ = 2π(−
INw1r
|w|
+ k1), v2φ = 2π(−
INw2r
|w|
+ k2)
for some integers k1, k2 which in turn implies
INr(w2v1 − w1v2) = |w|(k2v1 − k1v2).
This gives
(17) r =
|w|
IN
k2v1 − k1v2
w2v1 − w1v2
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which must be a nonnegative integer less than |w|
gcd(|w|,IN)
. We can also
solve Equations (16) for φ by eliminating INr
|w|
giving
(18) φ = 2π
k1w2 − k2w1
w2v1 − w1v2
.
Next we write (17) as
(19)
r =
( |w|
gcd(|w|,IN)
gcd(|w2v1 − w1v2|,
|w|
gcd(|w|,IN )
)
)( k2v1 − k1v2
IN
gcd(|w|,IN)
w2v1−w1v2
gcd(|w2v1−w1v2|,
|w|
gcd(|w|,IN )
)
)
Since v1 and v2 are relatively prime, we can choose k1 and k2 so that
the term in the last parentheses is 1. This determines r as
(20) r =
|w|
gcd(|w|,IN)
gcd(|w2v1 − w1v2|,
|w|
gcd(|w|,IN )
)
Now suppose that z2 = 0. Then generally we have e
iv1φ = e−2π
INw1
|w|
ri
for some r = 0, . . . , |w|
gcd(|w|,IN )
− 1 or equivalently r = 1, . . . , |w|
gcd(|w|,IN )
.
This gives
(21) φ = 2π(−
INw1r
v1|w|
+
k
v1
).
A similar computation at z1 = 0 gives
(22) φ = 2π(−
INw2r
′
v2|w|
+
k′
v2
).
We are interested in when regularity can occur. For this we need the
minimal angle at the two endpoints to be equal. This gives
−
INw2r
′
v2|w|
+
k′
v2
= −
INw1r
v1|w|
+
k
v1
for some choice of integers k, k′ and nonnegative integers r, r′ < |w|
gcd(|w|,IN)
.
This gives
(23)
−INw2r
′ + k′|w|
v2
=
−INw1r + k|w|
v1
.
3.4. Periods of Reeb Orbits. We assume that w 6= (1, 1). We want
to determine the periods of the orbits of the flow of the Reeb vector
field defined by the weight vector v = (v1, v2). In particular, we want
to know when there is a regular Reeb vector field in the w-Sasaki cone.
Charles P. Boyer and Christina W. Tønnesen-Friedman 13
Let us now generally determine the minimal angle, hence the generic
period of the Reeb orbits, on the dense open subset Z defined by z1z2 6=
0. For convenience we set
s = gcd(|w2v1 − w1v2|,
|w|
gcd(|w|, IN)
), t =
IN
gcd(|w|, IN)
.
Lemma 3.3. The minimal angle on Z is 2π
s
. Thus, S1φ/Zs acts freely
on the dense open subset Z.
Proof. We choose k1, k2 in Equation (19) so that the last parentheses
equals 1. This gives
t
w2v1 − w1v2
s
= k2v1 − k1v2.
Rearranging this becomes
(sk2 − tw2)v1 = (sk1 − tw1)v2.
Since v1 and v2 are relatively prime this equation implies ski = twi+mvi
for i = 1, 2 and some integer m. Putting this into Equation (18) gives
φ = 2πm
s
, so the minimal angle is 2π
s
. 
We now investigate the endpoints defined by z2 = 0 and z1 = 0.
Proposition 3.4. The following hold:
(1) The period on Z, namely 2π
s
, is an integral multiple of the peri-
ods at the endpoints. Hence, S1φ/Zs acts effectively on Ml1,l2,w.
(2) The period at the endpoint zj = 0 is 2π
gcd(IN ,|w|)
vi|w|
where i ≡ j+1
mod 2. So the end points have equal periods if and only if v =
(1, 1).
(3) The w-Sasaki cone contains a regular Reeb vector field if and
only if v = (1, 1) and w1+w2
gcd(IN ,w1+w2)
divides w1 − w2.
Proof. A Reeb vector field will be regular if and only if the period of
its orbit is the same at all points. We know that it is 2π
s
on Z. We
need to determine the minimal angle at the endpoints. From Equation
(21) the angle at z2 = 0 is
φ = 2π(
−INw1r + k|w|
v1|w|
) = 2π gcd(IN , |w|)
( |w|k
gcd(IN ,|w|)
− INw1r
gcd(IN ,|w|)
v1|w|
)
.
Now
gcd(
|w|
gcd(IN , |w|)
,
INw1
gcd(IN , |w|)
= 1,
so we can choose k and r such that numerator of the term in the large
parentheses is 1. This gives period 2π gcd(IN ,|w|)
v1|w|
. Similarly, at z1 = 0 we
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have the period 2π gcd(IN ,|w|)
v2|w|
. So the period is the same at the endpoints
if and only if v1 = v2 which is equivalent to v = (1, 1) since v1 and v2
are relatively prime which proves (2).
Moreover, the period is the same at all points if and only if
(24)
v = (1, 1),
|w|
gcd(IN , |w|)
= s = gcd(|w2v1 − w1v2|,
|w|
gcd(|w|, IN)
).
But the last equation holds if and only if |w|
gcd(IN ,|w|)
divides w1 − w2
proving (3).
(1) follows from the fact that for each i = 1, 2, vi|w|
gcd(IN ,|w|)
is an integral
multiple of gcd(|w2v1 − w1v2|,
|w|
gcd(|w|,IN )
) = s. 
We have an immediate
Corollary 3.5. If IN = 1 there are no regular Reeb vector fields in any
w-Sasaki cone with w 6= (1, 1).
Actually, one can say much more.
Proposition 3.6. Assume w 6= (1, 1). There are exactly K − 1 dif-
ferent w-Sasaki cones that have a regular Reeb vector field. These are
given by
(25) w =
( K + n
gcd(K + n,K − n)
,
K − n
gcd(K + n,K − n)
)
where K = gcd(IN , |w|) and 1 ≤ n < K.
Proof. By Proposition 3.4 a w-Sasaki cone contains a regular Reeb
vector field if and only if there is n ∈ Z+ such that
w1 − w2 = n
w1 + w2
gcd(IN , w1 + w2)
.
Clearly, for a solution we must have n < gcd(IN , w1 + w2). Then we
have a solution if and only if
(K − n)w1 = (K + n)w2
for all 1 ≤ n < K. Since w1 > w2 and they are relatively prime we have
the unique solution Equation (25) for each integer 1 ≤ n < K. 
Example 3.7. Let us determine the w-joins with regular Reeb vector
field for IN = 2, 3. For example, if IN = 2 for a solution to Equation
(25) we must have K = 2 which gives n = 1 and w = (3, 1). This
has as a consequence Corollary 3.9 below. Similarly if IN = 3 we must
have K = 3, which gives two solutions w = (2, 1) and w = (5, 1).
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Example 3.8. Recall the contact structures Y p,q on S2 × S3 first
studied in the context of Sasaki-Einstein metrics in [GMSW04b], where
p and q are relatively prime positive integers satisfying p > 1 and q < p.
Since in this case the manifoldMl1,l2,w = M
3⋆l1,l2S
3
w is S
2×S3, we have
N = S2 with its standard (Fubini-Study) Ka¨hler structure. Hence,
IN = 2.
This was treated in Example 4.7 of [BP14] although the conventions1
are slightly different. Here we set
(26) w =
1
gcd(p+ q, p− q)
(
p+ q, p− q
)
.
Note that the conditions on p, q eliminate the case w = (1, 1). We
claim that the following relations hold:
(27) l1 = gcd(p+ q, p− q), l2 = p.
To see this we first notice that Lemma 3.1 implies that to have a Sasaki-
Einstein metric we must have l1 = 1 and l2 =
|w|
2
if |w| is even, and l1 =
2 and l2 = |w| if |w| is odd. Thus, the second of Equations (27) follows
from the first and Equation (26). To prove the first equation we first
notice that since p and q are relatively prime, gcd(p+ q, p− q) is either
1 or 2. Next from Equation (26) we note that 2p = gcd(p+q, p−q)|w|.
So if |w| is odd, then gcd(p + q, p− q) must be even, hence 2. So the
first equation holds in this case. This also shows that if |w| is odd then
p = |w| is also odd. Now if |w| is even then both p+ q and p− q must
be odd. But then gcd(p + q, p − q) must be 1. In this case p = |w|
2
which can be either odd or even.
Then from Proposition 3.4 we recover the following result of [BP14]:
Corollary 3.9. For Y p,q the w-Sasaki cone has a regular Reeb vector
field if and only if p = 2, q = 1.
For the general Y p,q the Reeb vector field of Theorem 4.2 of [BP14] is
equivalent to choosing v = (1, 1) here. However, as stated in Corollary
3.9, it is regular only when p = 2, q = 1. Otherwise, it is quasi-regular
with ramification index m = m1 = m2 = p if p is odd, and m =
p
2
if
p is even. We remark that the quotient of Y 2,1 by the regular Reeb
vector field is CP2 blown-up at a point; whereas, we have arrived at it
from the w-Sasaki cone of an S1 orbibundle over S2 × CP1[3, 1].
1In particular, there we chose w1 ≤ w2; whereas, here we use the opposite
convention, w1 ≥ w2.
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3.5. Bl1,l2,v,w as a Log Pair. We follow the analysis in Section 3 of
[BTF14a]. We have the action of the 2-torus S1φ/Zs× (S
1
θ/Zl2) on M ×
L( |w|
gcd(|w|,IN)
; l1w1, l1w2) given by Equation (14) whose quotient space is
Bl1,l2,v,w. It follows from Equation (14) that Bl1,l2,v,w is a bundle over
N with fiber a weighted projective space of complex dimension one.
By (1) of Proposition 3.4 the generic period is an integral multiple, say
mi, of the period at the divisor Di. Thus, for i = 1, 2 we have
(28) mi = vi
|w|
s gcd(|w|, IN)
= vim.
Note that from its definition m = l2
s
= |w|
s gcd(|w|,IN)
, so mi is indeed
a positive integer. It is the ramification index of the branch divisor
Di. We think of D1 as the zero section and D2 as the infinity section
of the bundle Bl1,l2,v,w. Thus, Bl1,l2,v,w is a fiber bundle over N with
fiber CP1[v1, v2]/Zm ≈ CP
1. The isomorphism is simply [z1, z2] 7→
[zm21 , z
m1
2 ] where the brackets denote the obvious equivalence classes on
CP1[v1, v2]/Zm. The complex structure of Bl1,l2,v,w is the projection of
the transverse complex structure on Ml1,l2,w which in turn is the lift of
the product complex structure on N × CP1[w]. However, Bl1,l2,v,w is
not generally a product as a complex orbifold, nor even topologically.
Now we can follow the analysis leading to Lemma 3.14 of [BTF14a].
So we define the map
h˜v : M × L(l2; l1w1, l1w2)−−→M × L(l2; l1w1v2, l1w2v1)
by
(29) h˜v(x, u; [z1, z2]) = (x, u; [z
m2
1 , z
m1
2 ]).
It is a mv1v2-fold covering map. Similar to [BTF14a] we get a commu-
tative diagram:
(30)
M × L(l2; l1w1, l1w2)
A
v,l,w(λ,τ)
−−−−−→ M × L(l2; l1w1, l1w2)yh˜v
yh˜v
M × L(l2; l1w
′
1, l1w
′
2)
A1,l,w′ (λ,τ
mv1v2 )
−−−−−−−−−→ M × L(l2; l1w
′
1, l1w
′
2),
where w′ = (v2w1, v1w2). So Bl1,l2,v,w is the log pair (Sn,∆) with
branch divisor
(31) ∆ = (1−
1
m1
)D1 + (1−
1
m2
)D2,
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where Sn is a smooth CP
1-bundle over N , that is a ruled manifold as
described in Section 2.1. Now Bl1,l2,v,w is the quotient orbifold(
M × L(l2; l1w1, l1w2)
)
/Av,l,w(λ, τ),
and Bl1,l2,1,w′ is the quotient
(
M × L(l2; l1w
′
1, l1w
′
2)
)
/A1,l,w′(λ, τ
v1v2).
So h˜v induces a map hv : Bl1,l2,v,w−−→Sn defined by
(32) hv([x, u; [z1, z2]]) = [x, u; [z
m2
1 , z
m1
2 ]],
where the outer brackets denote the equivalence class with respect to
the corresponding T 2 action. We have
Lemma 3.10. The map hv : Bl1,l2,v,w−−→Bl1,l2,1,w′ defined by Equation
(32) is a biholomorphism.
Proof. The map is ostensibly holomorphic. Now h˜v is the identity map
on M and a v1v2-fold covering map on the corresponding lens spaces.
From the commutative diagram (30) the induced map hv is fiber pre-
serving and is a bijection on the fibers with holomorphic inverse. 
Lemma 3.10 allows us to consider the orbifold Bl1,l2,v,w as the log
pair (Bl1,l2,1,w′,∆) where ∆ is given by Equation (31). Notice that
even when v = (1, 1) the orbifold structure can be non-trivial, namely,
Bl1,l2,(1,1),w = (Sn,∆) where m1 = m2 = m =
|w|
s gcd(|w|,IN)
and
∆ = (1−
1
m
)(D1 +D2).
The T 2 action A1,l,w′ : M × L(l2; l1w
′
1, l1w
′
2)−→M × L(l2; l1w
′
1, l1w
′
2)
is given by
(33) (x, u; z1, z2) 7→ (x, e
iθu; [e
i(φ−
l1w
′
1
l2
θ)
z1, e
i(φ−
l1w
′
2
l2
θ)
z2]),
Defining χ = φ−
l1w
′
1
l2
θ gives
(34) (x, u; z1, z2) 7→ (x, e
iθu; [eiχz1, e
i(χ+
l1
l2
(w′1−w
′
2)θ)z2]).
The analysis above shows that this action is generally not free, but has
branch divisors at the zero (z2 = 0) and infinity (z1 = 0) sections with
ramification indices both equal to m.
Equation (34) tells us that the T 2-quotient space Bl1,l2,1,w′ is the
projectivization of the holomorphic rank two vector bundle E = 1l⊕Ln
over N where 1l denotes the trivial line bundle and Ln is a line bundle
of ‘degree’ n = l1
s
(w1v2−w2v1) with s = gcd(|w1v2−w2v1|, l2). So Sn =
P(1l ⊕ Ln) is a smooth projective algebraic variety. Next we identify
N with the zero section D1 of Ln, and note that c1(Ln) is just the
restriction of the Poincare´ dual of D1 to D1, i.e. PD(D1)|D1 = c1(Ln).
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Summarizing we have
Theorem 3.11. Let Ml1,l2,w = M ⋆l1,l2 S
3
w be the join as described in
the beginning of the section with the induced contact structure Dl1,l2,w
satisfying c1(Dl1,l2,w) = 0. Let v = (v1, v2) be a weight vector with
relatively prime integer components and let ξv be the corresponding Reeb
vector field in the Sasaki cone t+2 . Then the quotient of Ml1,l2,w by the
flow of the Reeb vector field ξv is a projective algebraic orbifold written
as a the log pair (Sn,∆) where Sn is the total space of the projective
bundle P(1l⊕Ln) over the Fano manifold N with n =
l1
s
(w1v2−w2v1),
∆ the branch divisor
(35) ∆ = (1−
1
m1
)D1 + (1−
1
m2
)D2,
with ramification indices mi = vi
|w|
s gcd(|w|,IN)
= vim and divisors D1 and
D2 given by the zero section 1l⊕ 0 and infinity section 0 ⊕ Ln, respec-
tively. Here IN is the Fano index of N , s = gcd(|w1v2−w2v1|,
|w|
gcd(IN ,|w|
),
and li are the relative indices given by l1 =
IN
gcd(IN ,|w|)
and l2 =
|w|
gcd(IN ,|w|)
.
The fiber of the orbifold (Sn,∆) is the orbifold CP
1[v1, v2]/Zm.
Notice that in this case we have πorb1 (Sn,∆) = Zm.
Example 3.12. Consider w = (11, 1) and v = (4, 5). Let us take
IN = 1. So we have l1 = 1, l2 = 12, and s = gcd(12, 55− 4) = 3. Thus,
the generic period of the Reeb vector field ξv is
2π
3
. The period at the
endpoint z2 = 0 (on the branch divisor D1) is
2π
48
, and at the endpoint
z1 = 0 (on D2) it is
2π
60
. So there is an effective action of S1φ/Z3. This
gives an isotropy of Z16 on the branch divisor D1, and an isotropy of
Z20 on D2. The ramification indices are then m1 = 16, m2 = 20, and
m = 12
3
= 4. The projective bundle Sn = P(1l⊕ Ln) has n =
51
3
= 17.
So our log pair is (S17,∆) with
∆ =
15
16
D1 +
19
20
D2.
The fiber F is a quotient of the orbifold weighted projective space
CP1[4, 5], namely F = CP1[4, 5]/Z4. Here π
orb
1 (F ) = Z4.
Now let us consider w = (11, 1) and v = (1, 1). Again take IN = 1,
so l1 = 1, l2 = 12, and s = gcd(12, 11 − 1) = 2. So the generic period
of ξv is
2π
2
= π. The period on the branch divisors D1 and D2 are
both 2π
12
= π
6
, and the ramification index m = 6. The projective bundle
Sn = P(1l⊕Ln) has n = 5, so our log pair is (S5,∆) with branch divisor
∆ =
5
6
(D1 +D2).
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In this case the fiber is a global quotient (developable) orbifold, namely
F = CP1/Z6 with π
orb
1 (F ) = Z6.
Example 3.13. This is a continuation of Example 3.8. We take v =
(1, 1). Then
s = gcd(l2, w1 − w2) = gcd(p,
2q
l1
).
So s = 1 if l1 = 2 that is when |w| is odd which also implies that p is
odd. Whereas, if |w| is even, l1 = 1, so s = gcd(p, 2q) which is 2 if p is
even and 1 if p is odd. Now consider n. We have
n =
l1
s
(w1 − w2) =
2q
s
.
Thus, n = 2q when p is odd, and n = q when p is even in which case q
must be odd. Moreover, from Equation (28) we have
m =
|w|
s gcd(|w|, IN)
=
{
p if p is odd
p
2
if p is even.
So in this case our log pair is (S2q,∆) with
∆ =
(
1−
1
p
)
(D1 +D2)
if p is odd, and (Sq,∆) with q odd and
∆ =
(
1−
2
p
)
(D1 +D2)
if p is even. Here S2q and Sq are the even and odd Hirzebruch surfaces,
respectively. Note for Y 2,1 there is no branch divisor, so it is regular
as we know from Corollary 3.9 and S1 is CP
2 blown-up at a point.
3.6. Examples with N a del Pezzo Surface. The Fano manifolds
of complex dimension 2 are usually called del Pezzo surfaces. They are
exactly CP2,CP1 × CP1, and CP2 blown-up at k generic points with
1 ≤ k ≤ 8. The join will be a Sasaki 7-manifold for these cases.
Example 3.14. For N = CP2 with its standard Fubini-Study Ka¨hle-
rian structure, we have IN = 3. From Example 3.7 we see that we
have a regular Reeb vector field in the w-Sasaki cone in precisely two
cases, either w = (2, 1), or w = (5, 1). In the first case the rela-
tive Fano indices are (l1, l2) = (1, 1) while in the second case they are
(l1, l2) = (1, 2). In the former case our 7-manifold M
7
(2,1) = S
5 ⋆1,1 S
3
(2,1)
is an S3-bundle over CP2; whereas, in the latter case the 7-manifold
M7(5,1) = S
5 ⋆1,2 S
3
(5,1) is an L(2; 5, 1) bundle over CP
2. Moreover, it
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follows from standard lens space theory that L(2; 5, 1) is diffeomorphic
to the real projective space RP3.
Example 3.15. For N = CP1 × CP1 with its standard Fubini-Study
Ka¨hlerian structure, we have IN = 2. There is only one case with
a regular Reeb vector field, and that is w = (3, 1). Here the relative
Fano indices are (1, 2). In this case the 7-manifold is (S2×S3)⋆1,2S
3
(3,1)
which can be realized as an L(2; 3, 1) ≈ RP3 lens space bundle over
CP1 × CP1.
Example 3.16. We take N to be CP2 blown-up at k generic points
where k = 1, . . . , 8, or equivalently N = Nk = CP
2#kCP
2
. All the
Ka¨hler structures have an extremal representative, but for k = 1, 2
they are not CSC. However, for k = 3, . . . , 8 they are CSC, and hence,
Ka¨hler-Einstein. Notice that when 4 ≤ k ≤ 8 the complex automor-
phism group has dimension 0, so the w-Sasaki cone is the entire Sasaki
cone. Moreover, if 5 ≤ k ≤ 8 the local moduli space has positive dimen-
sion, and we can choose any of the complex structures. By a theorem of
Kobayashi and Ochiai [KO73] we have INk = 1 for all k = 1, . . . , 8. So
l1 = 1, l2 = |w|, and by Corollary 3.5 there are no regular Reeb vector
fields in the w-Sasaki cone with w 6= (1, 1). In particular, if 4 ≤ k ≤ 8,
there are no regular Reeb vector fields in the Sasaki cone. Generally,
these are L(|w|;w1, w2) lens space bundles over Nk. Of course, the
case w = (1, 1) is just an S1-bundle over Nk × CP
1 with the product
complex structure which is automatically regular. These were studied
in [BG00].
4. The Topology of the Joins
Since we are interested in compact Sasaki-Einstein manifolds, which
have finite fundamental group, we shall assume that the Sasaki mani-
fold M is simply connected. It is then easy to construct examples with
cyclic fundamental group. From the homotopy exact sequence of the
fibration S1−→M × S3−→Ml1,l2,w we have
Proposition 4.1. If M is simply connected, then so is Ml1,l2,w. More-
over, if M is 2-connected, π2(Ml1,l2,w) ≈ Z.
We now describe our method for computing the cohomology ring of
the join Ml1,l2,w.
4.1. The Method. Our approach uses the spectral sequence method
employed in [WZ90, BG00] (see also Section 7.6.2 of [BG08]). The
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fibration πL in Diagram (4) together with the torus bundle with total
space M × S3w gives the commutative diagram of fibrations
(36)
M × S3w −−−→ Ml1,l2,w −−−→ BS
1y=
y
yψ
M × S3w −−−→ N × BCP
1[w] −−−→ BS1 × BS1
where BG is the classifying space of a group G or Haefliger’s classifying
space [Hae84] of an orbifold if G is an orbifold. Note that the lower
fibration is a product of fibrations. In particular, the fibration
(37) S3w−−−→BCP
1[w]−−−→BS1
is rationally equivalent to the Hopf fibration, so over Q the only non-
vanishing differentials in its Leray-Serre spectral sequence are d4(β) =
s2 where β is the orientation class of S3 and s is a basis inH2(BS1,Q) ≈
Q and those induced from d4 by naturality. However, we want the
cohomology over Z.
Lemma 4.2. For w1 and w2 relatively prime positive integers we have
Hrorb(CP
1[w],Z) = Hr(BCP1[w],Z) =


Z for r = 0, 2,
Zw1w2 for r > 2 even,
0 for r odd.
Proof. As in [BG08] we cover the BCP1[w] with two overlapping open
sets p−1(Ui) ≈ U˜i ×Γi EO where Ui is CP
1 \ {0} and CP1 \ {∞} for
i = 1, 2, respectively. The Mayer-Vietoris sequence is
−→Hr(BCP1[w],Z)−→Hr(p−1(U1),Z)⊕H
r(p−1(U2)−→H
r(p−1(U1)∩p
−1(U2),Z)−→· · ·
Now p−1(Ui) ≈ U˜i ×Γi EO is the Eilenberg-MacLane space K(Zwi, 1)
whose cohomology is the group cohomology
Hr(Zwi ,Z) =


Z for r = 0,
Zwi for r > 0 even,
0 for r odd.
Moreover, p−1(U1) ∩ p
−1(U2) = U˜1 ∩ U˜2 ×Γ1∩Γ2 EO and since w1, w2
are relatively prime Γ1 ∩ Γ2 = Zw1 ∩ Zw2 = {1l}. So for r = 2 the
Mayer-Vietoris sequence becomes
(38) 0−−→Z
j
−−→H2(BCP1[w],Z)−−→Zw1w2−−→0.
From the E2 term of the Leray-Serre spectral sequence of the fibration
(37), we see that the map j in (38) must be multiplication by w1w2
implying that H2(BCP1[w],Z) ≈ Z.
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For r > 2 even the sequence gives Hr(BCP1[w],Z) ≈ Zw1 ⊕ Zw2 ≈
Zw1w2, whereas for r odd H
r(BCP1[w],Z) ≈ 0. 
One now easily sees that
Lemma 4.3. The only non-vanishing differentials in the Leray-Serre
spectral sequence of the fibration (37) are those induced naturally by
d4(α) = w1w2s
2 for s ∈ H2(BS1,Z) ≈ Z[s] and α the orientation class
of S3.
Now the map ψ of Diagram (36) is that induced by the inclusion
eiθ 7→ (eil2θ, e−il1θ). So noting
H∗(BS1 × BS1,Z) = Z[s1, s2]
we see that ψ∗s1 = l2s and ψ
∗s2 = −l1s. This together with Lemma
4.3 gives d4(α) = w1w2l
2
1s
2 in the Leray-Serre spectral sequence of the
top fibration in Diagram (36).
Further analysis depends on the differentials in the spectral sequence
of the fibration
(39) M−→N−→BS1.
Algorithm 4.4. Given the differentials in the spectral sequence of the
fibration (39), one can use the commutative diagram (36) to compute
the cohomology ring of the join manifold Ml1,l2,w.
4.2. Examples in General Dimension. One case that is particu-
larly easy to describe in all odd dimensions is when M is the odd-
dimensional sphere S2r+1 with r = 2, 3, . . . ,. Here we have N = CPr
in which case we have IN = r + 1. So the relative Fano indices are
(40) (l1(w), l2(w)) =
( r + 1
gcd(|w|, r + 1)
,
|w|
gcd(|w|, r + 1)
)
.
Since l1, l2 are uniquely determined by r and w, we write our joins
as M2r+3w . We have
Theorem 4.5. The join M2r+3w = S
2r+1 ⋆l1,l2 S
3
w with relative Fano
indices given by Equation (40) has integral cohomology ring given by
Z[x, y]/(w1w2l1(w)
2x2, xr+1, x2y, y2)
where x, y are classes of degree 2 and 2r + 1, respectively.
Proof. The E2 term of the Leray-Serre spectral sequence of the top
fibration of diagram (36) is
Ep,q2 = H
p(BS1, Hq(S2r+1 × S3w,Z)) ≈ Z[s]⊗ Λ[α, β],
where α is a 3-class and β is a 2r+1 class. By the Leray-Serre Theorem
this converges to Hp+q(M2r+3w ,Z). From the usual Hopf fibration and
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Lemma 4.3 the only non-zero differentials in the Leray-Serre spectral
sequence of the bottom fibration in Diagram (36) are d4(α) = w1w2s
2
2
and d2r+2(β) = s
r+1
1 . By naturality the differentials of the top fibration
of (36) are d4(α) = w1w2(−l1s)
2 and d2r+2(β) = (l2s)
r+1. It follows that
Hp(M2r+3w ,Z) has an element x of degree 2 with w1w2l
2
1x
2 vanishing,
and since l2 is relatively prime to w1w2l
2
1, x
p vanishes for p ≥ r + 1.
Similarly, for dimensional reasons there is an element y of degree 2r+1
such that y2 and x2y vanish. 
The connected component Aut0(M
2r+3
w ) of the Sasaki automorphism
group Aut(M2r+3w ) is SU(r+1)×T
2, so these are toric Sasaki manifolds.
However, our methods only make essential use of the 2-dimensional w-
subtorus. We shall make use of the following
Lemma 4.6. If H4(M2r+3w ,Z) = H
4(M2r+3w′ ,Z), then w
′
1w
′
2 = w1w2
and l1(w
′) = l1(w).
Proof. The equality of the 4th cohomology groups together with the
definition of l1 imply
w′1w
′
2l1 gcd(|w|, r + 1)
2 = w1w2 gcd(|w
′|, r + 1)2.
Set gw = gcd(|w|, r + 1) and gw′ = gcd(|w
′|, r + 1). Assume gw′ > 1.
Since gcd(w′1, w
′
2) = 1, gw′ does not divide w
′
1w
′
2. Thus, g
2
w′ divides
g2w. Interchanging the roles of w
′ and w gives gw′ = gw which implies
l1(w
′) = l1(w), and hence, the lemma in the case that gw′ > 1. Now
assume gw′ = 1. Then we have w1w2 = w
′
1w
′
2g
2
w which implies that gw
divides w1w2. But then since w1, w2 are relatively prime, we must have
gw = 1. 
Let us set W = w1w2, and write the prime decomposition of W =
w1w2 = p
a1
1 · · · p
ak
k Let Pk be the number of partitions of W into the
product w1w2 of unordered relatively prime integers, including the pair
(w1w2, 1). Then a counting argument gives Pk = 2
k−1. Once counted
we then order the pair w1 > w2 as before. Let PW denote the set
of (2r + 3)-manifolds M2r+3w with isomorphic cohomology rings. Then
Lemma 4.6 implies that the cardenality of PW is Pk = 2
k−1. This
proves Corollary 1.3 on the Introduction.
Generally we can construct the join of any Sasaki-Einstein mani-
fold with the standard S3 to obtain new Sasaki-Einstein manifolds as
done in [BG00]. In the present paper we take the join with a weighted
S3w and then deform in the Sasaki-cone. From the topological view-
point this usually adds torsion coming from the effect of Lemmas 4.2
and 4.3. However, in the simplest example which occurs in dimen-
sion 5 the differentials in the spectral sequence conspire to cancel the
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occurrence of torsion. Of course, in this dimension the only positive
Ka¨hler-Einstein 2-manifold is N = CP1 with its standard Fubini-Study
Ka¨hler-Einstein structure. Then our procedure gives the 5-manifolds
Y p,q discovered by the physicists [GMSW04b] which are diffeomor-
phic to S2 × S3 for all relatively prime positive integers p, q such that
1 < q < p. This case has been well studied from various perspec-
tives [Boy11, BP14, MS05, CLPP05]. The 7-dimensional case is quite
amenable to further study, and we shall concentrate our efforts in this
direction.
It is worth mentioning that the finiteness of deformation types of
smooth Fano manifolds implies a bound on the Betti numbers of the
join which only depends on dimension. This gives a Betti number
bound on the manifolds obtained from our construction. In particular,
in dimension seven b2(M
7
k,w) ≤ 9 as seen explicitly above, whereas, in
dimension nine we have the bound b2(M
9
k,w) ≤ 10 [BG00].
4.3. Examples in Dimension 7. Here we consider circle bundles over
the del Pezzo surfaces CP2,CP1×CP1 and CP2#kCP
2
for k = 1, . . . , 8.
As shown in the next section in each case the Sasaki cone admits an
Sasaki-Einstein metric for all admissible w.
4.3.1. M = S5. In this case N = CP2 and S5−−→CP2 is the standard
Hopf fibration and IN = 3. This is a special case of Proposition 4.5.
Proposition 4.7. Let M7w be a simply connected 7-manifold of Theo-
rem 4.5. There are two cases:
(1) 3 divides |w| which implies l2 =
|w|
3
and l1 = 1.
(2) 3 does not divide |w| in which case l2 = |w| and l1 = 3.
In both cases the cohomology ring is given by
Z[x, y]/(w1w2l
2
1x
2, x3, x2y, y2)
where x, y are classes of degree 2 and 5, respectively.
Notice that in case (1) of Proposition 4.7 H4(M7w,Z) = Zw1w2,
whereas in case (2) we have H4(M7w,Z) = Z9w1w2 . Since 3 must divide
w1+w2 in the first case and w1w2 are relatively prime, their cohomology
rings are never isomorphic.
Remark 4.8. Let us make a brief remark about the homogeneous
case w = (1, 1) with symmetry group SU(3) × SU(2) × U(1). There
is a unique solution with a Sasaki-Einstein metric as shown in [BG00].
However, dropping both the Einstein and Sasakian conditions, Kreck
and Stolz [KS88] gave a diffeomorphism and homeomorphism classifi-
cation. Furthermore, using the results of [WZ90], they show that in
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certain cases each of the 28 diffeomorphism types admits an Einstein
metric. If we drop the Einstein condition and allow contact bundles
with non-trivial c1 we can apply the classification results of [KS88] to
the Sasakian case. This will be studied elsewhere.
For dimension 7 we see from Proposition 4.7 that if 3 divides w1+w2
then the order |H4| is W . However, if 3 does not divide w1 + w2 then
the order of |H4| is 9W . So by Lemma 4.6 PW splits into two cases,
P0W if W + 1 is divisible by 3, and P
1
W if W + 1 is not divisible by 3.
Of course, in either case the cardenality of PW is 2
k−1 where k is the
number of prime powers in the prime decomposition of W .
Proposition 4.9. Suppose the order of H4 is odd. The elements M7w
and M7w′ in P
0
W are homotopy inequivalent if and only if either(w′1 + w′2
3
)3
≡ ±
(w1 + w2
3
)3
mod ZW .
The elements M7w and M
7
w′ in P
1
W are homotopy inequivalent if and
only if
(w′1 + w
′
2)
3 ≡ ±(w1 + w2)
3 mod Z9W .
Proof. For r = 2 consider the E6 differential d6(β) = l2(w)
3s3 in the
spectral sequence of Proposition 4.5. Since l2 is relatively prime to
l1(w)
2w1w2, this takes values in the multiplicative group Z
∗
l21W
of units
in Zl21W . Taking into account the choice of generators, it takes its values
in Z∗
l21W
/{±1}. According to Theorem 5.1 of [Kru97] M7w,M
7
w′ ∈ PW
are homotopy equivalent if and only if l2(w
′)3 = l2(w)
3 in Z∗
l21W
/{±1}.
Of course, this means that l2(w
′)3 = ±l2(w)
3 in Z∗
l21W
. Note that the
the other two conditions of Theorem 5.1 of [Kru97] are automatically
satisfied in our case. 
Using a Maple program we have checked some examples for homo-
topy equivalence which appears to be quite sparse. So far we haven’t
found any examples of a homotopy equivalence. However, we have not
done a systematic computer search which we leave for future work.
Example 4.10. Our first example is an infinite sequence of pairs with
the same cohomology ring. Set W = 3p with p an odd prime not equal
to 3, which gives Pk = 2. Then for each odd prime p 6= 3 there are two
manifolds in P1W , namely M
7
(3p,1) and M
7
(p,3). The order of H
4 is 27p.
We check the conditions of Proposition 4.9. We find
(3p+ 1)3 ≡ 9p+ 1 mod 27p, (p+ 3)3 ≡ p3 + 9p2 + 27 mod 27p.
First we look for integer solutions of p3+9p2−9p+26 ≡ 0 mod 27p. By
the rational root test the solutions could only be p = 2, 13, 26 none of
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which are solutions. Next we check the second condition of Proposition
4.9, namely, p3 + 9p2 + 9p + 28 ≡ 0 mod 27p. Again by the rational
root test we find the only possibilities are p = 2, 7, 14, 28, from which s
we see that there are no solutions. Thus, we see that M7(3p,1) and M
7
(p,3)
are not homotopy equivalent for any odd p 6= 3.
By the same arguments one can also show that the infinite sequence
of pairs of the form M7(9p,1) and M
7
(p,9), with p an odd prime relatively
prime to 3, are never homotopy equivalent.
Remark 4.11. In Example 4.10 we do not need to have p a prime,
but we do need it to be relatively prime to 3. In this more general case,
there will be more elements in P1W . For example, if p = 55 we have
Pk = 4 and the pair (M
7
(165,1),M
7
(55,3) has the same cohomology ring
as M7(33,5) and M
7
(15,11). However, they are not homotopy equivalent to
either member of the pair nor to each other.
Example 4.12. A somewhat more involved example is obtained by
setting W = 5 · 7 · 11 · 17. Here Pk = 8, so this gives eight 7-manifolds
in P0W , namely,
M7(6545,1),M
7
(1309,5),M
7
(935,7),M
7
(595,11),M
7
(385,17),M
7
(187,35),M
7
(119,55), ,M
7
(85,77).
One can check that these do not satisfy the conditions for homotopy
equivalence of Proposition 4.9. So they are all homotopy inequivalent.
It is easy to get a necessary condition for homeomorphism.
Proposition 4.13. Suppose w′1w
′
2 = w1w2 is odd and thatM
7
w andM
7
w′
are homeomorphic. Then in addition to the conditions of Proposition
4.9, we must have
2(w′1 + w
′
2)
2 ≡ 2(w1 + w2)
2 mod 3w1w2.
Proof. This is because the first Pontrjagin class p1 is actually a home-
omorphism invariant2. From Kruggel [Kru97] we see that if 3 does not
divide |w|
(41) p1(M
7
w) ≡ 3|w|
2 − 9w21 − 9w
2
2 ≡ −6|w|
2 mod 9w1w2,
which implies the result in this case. If 3 divides |w| we have
(42) p1(M
7
w) ≡ −6
( |w|
3
)2
mod w1w2
and this implies the same result. 
2This appears to be a folklore result with no proof anywhere in the literature.
It is stated without proof on page 2828 of [Kru97] and on page 31 of [KL05]. We
thank Matthias Kreck for providing us with a proof that p1 is a homeomorphism
invariant.
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Note that Equations (41) and (42) both imply the third condition of
Theorem 5.1 in [Kru97] holds in our case. To determine a full home-
omorphism and diffeomorphism classification requires the Kreck-Stolz
invariants [KS88] s1, s2, s3 ∈ Q/Z. These can be determined as func-
tions ofw in our case by using the formulae in [Esc05, Kru05]; however,
they are quite complicated and the classification requires computer pro-
graming which we leave for future work.
It is interesting to compare the Sasaki-Einstein 7-manifolds described
by Theorem 1.2 with the 3-Sasakian 7-manifolds studied in [BGM94,
BG99] for their cohomology rings have the same form. Seven dimen-
sional manifolds whose cohomology rings are of this type were called
7-manifolds of type r in [Kru97] where r is the order of H4. First recall
that the 3-Sasakian 7-manifolds in [BGM94] are given by a triple of
pairwise relatively prime positive integers (p1, p2, p3) and H
4 is isomor-
phic to Zσ2(p) where σ2(p) = p1p2+p1p3+p2p3 is the second elementary
symmetric function of p = (p1, p2, p3). It follows that σ2 is odd. The
following theorem is implicit in [Kru97], but we give its simple proof
here for completeness.
Theorem 4.14. The 7-manifoldsM7p and M
7
w are not homotopy equiv-
alent for any admissible p or w.
Proof. These manifolds are distinguished by π4. Our manifoldsM
7
w are
quotients of S5 × S3 by a free S1-action, whereas, the manifolds M7p
of [BGM94] are free S1 quotients of SU(3). So from their long exact
homotopy sequences we have πi(M
7
w) ≈ πi(S
5 × S3) and πi(M
7
p) ≈
πi(SU(3)) for all i > 2. But it is known that π4(SU(3)) ≈ 0 whereas,
π4(S
5 × S3) ≈ Z2. 
4.3.2. M = S2 × S3, N = CP1 × CP1. We have IN = 2, so there are
two cases: |w| is odd impying l2 = |w| and l1 = 2; and |w| is even
with l2 =
|w|
2
and l1 = 1. In both cases the smoothness condition
gcd(l2, l1wi) = 1 is satisfied. The E2 term of the Leray-Serre spectral
sequence of the top fibration of diagram (36) is
Ep,q2 = H
p(BS1, Hq(S2 × S3 × S3w,Z)) ≈ Z[s]⊗ Z[α]/(α
2)⊗ Λ[β, γ],
which by the Leray-Serre Theorem converges toHp+q(Ml1,l2,w,Z). Here
α is a 2-class and β, γ are 3-classes. From the bottom fibration in
Diagram (36) we have d2(β) = α ⊗ s1 and d4(γ) = w1w2s
2
2. From
the commutativity of diagram (36) we have d2(β) = l2s and d4(γw) =
w1w2l
2
1s
2 which gives E4,04 ≈ Zw1w2l21 , E
0,3
4 ≈ Z, E
2,2
4 ≈ Zl2 , and E
0,3
∞ =
0. Then using Poincare´ duality and universal coefficients we obtain
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Proposition 4.15. In this case M7l1,l2,w with either (l1, l2) = (2, |w|)
or (1, |w|
2
) has the cohomology ring given by
H∗(M7l1,l2,w,Z) = Z[x, y, u, z]/(x
2, l2xy, w1w2l
2
1y
2, z2, u2, zu, zx, ux, uy)
where x, y are 2-classes, and z, u are 5-classes.
4.3.3. M = k(S2 × S3), N = Nk = CP
2#kCP
2
, k = 1, . . . , 8. Let Sk
denote the total space of the principal S1-bundle over Nk corresponding
to the anticanonical line bundle K−1 on Nk. By a well-known result
of Smale Sk is diffeomorphic to the k-fold connected sum k(S
2 × S3).
We consider the join Sk ⋆1,|w| S
3
w. The case w = (1, 1) was studied
in [BG00] where it is shown to have a Sasaki-Einstein metric when
3 ≤ k ≤ 8. Moreover, in this case we have determined the integral
cohomology ring (see Theorem 5.4 of [BG00]). Here we generalize this
result.
Theorem 4.16. The integral cohomology ring of the 7-manifoldsM7k,w =
Sk ⋆1,|w| S
3
w is given by
Hq(M7k,w,Z) ≈


Z if q = 0, 7;
Zk+1 if q = 2, 5;
Zk|w| × Zw1w2 if q = 4;
0 if otherwise,
with the ring relations determined by αi ∪ αj = 0, w1w2s
2 = 0, |w|αi ∪
s = 0, where αi, s are the k + 1 two classes with i = 1, · · ·k.
Proof. As before the E2 term of the Leray-Serre spectral sequence of
the top fibration of diagram (36) is
Ep,q2 = H
p(BS1, Hq(Sk × S
3
w,Z)) ≈ Z[s]⊗
∏
i
Λ[αi, βi, γ]/I,
where αi, βj, γ have degrees 2, 3, 3, respectively, and I is the ideal gen-
erated by the relations αi ∪ βi = αj ∪ βj, αi ∪ αj = βi ∪ βj = 0 for all
i, j, αi ∪ βj = 0 for i 6= j and γ
2 = 0.
Consider the lower product fibration of diagram (36). As in the
previous case the first non-vanishing differential of the second factor is
d4, and as in that case d4(γ) = w1w2s
2
2. For the first factor we know
from Smale’s classification of simply connected spin 5-manifolds that
Sk is diffeomorphic to the k-fold connected sum k(S
2×S3). Moreover,
since N = CP2#kCP
2
, the first factor fibration is
k(S2 × S3)−−→CP2#kCP
2
−−→BS1.
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Here the first non-vanishing differential is d2(βi) = αi ⊗ s. Again
from the commutativity of diagram (36) for the top fibration we have
d2(βi) = |w|αi ⊗ s at the E2 level and d4(γ) = w1w2s
2 at the E4
level. One easily sees that the k + 1 2-classes αi ∈ E
2,0
2 and s ∈ E
0,2
2
live to E∞ and there is no torsion in degree 2. Moreover, there is
nothing in degree 1, and the 3-classes βi ∈ E
3,0
2 and γ ∈ E
3,0
4 die,
so there is nothing in degree 3. However, there is torsion in degree 4,
namely Zk|w|×Zw1w2. The remainder follows from Poincare´ duality and
dimensional considerations. 
This generalizes Theorem 5.4 of [BG00] where the case w = (1, 1) is
treated.
Remark 4.17. Since |w| and w1w2 are relatively prime, H
4(M7k,w,Z) ≈
Zk−1|w| × Zw1w2|w|. We can ask the question: when can M
7
k,w and M
7
k′,w′
have isomorphic cohomology rings? It is interesting and not difficult
to see that there is only one possibility, namely M71,(3,2) and M
7
1,(5,1) in
which case H4 ≈ Z30.
5. Admissible KE constructions
We now pick up the thread from Section 2.2 and describe the con-
struction (see also [ACGTF08b]) of admissible Ka¨hler metrics on Sn
(in fact, more generally on log pairs (Sn,∆)). Consider the circle action
on Sn induced by the natural circle action on Ln. It extends to a holo-
morphic C∗ action. The open and dense set Sn0 ⊂ Sn of stable points
with respect to the latter action has the structure of a principal circle
bundle over the stable quotient. The hermitian norm on the fibers in-
duces, via a Legendre transform, a function z : Sn0 → (−1, 1) whose
extension to Sn consists of the critical manifolds z
−1(1) = P (1l⊕0) and
z−1(−1) = P (0⊕Ln). Letting θ be a connection one form for the Her-
mitian metric on Sn0, with curvature dθ = ωNn, an admissible Ka¨hler
metric and form are given up to scale by the respective formulas
(43) g =
1 + rz
r
gNn +
dz2
Θ(z)
+ Θ(z)θ2, ω =
1 + rz
r
ωNn + dz ∧ θ,
valid on Sn0. Here Θ is a smooth function with domain containing
(−1, 1) and r, is a real number of the same sign as gNn and satisfying
0 < |r| < 1. The complex structure yielding this Ka¨hler structure is
given by the pullback of the base complex structure along with the re-
quirement Jdz = Θθ. The function z is hamiltonian with K = J grad z
a Killing vector field. In fact, z is the moment map on Sn for the cir-
cle action, decomposing Sn into the free orbits Sn0 = z
−1((−1, 1)) and
30 Sasaki Join, Ka¨hler Admissible
the special orbits D1 = z
−1(1) and D2 = z
−1(−1). Finally, θ satisfies
θ(K) = 1.
Remark 5.1. Note that
φ :=
−(1 + rz)
r2
ωNn + zdz ∧ θ
is a Hamiltonian 2-form of order one.
We can now interpret g as a metric on the log pair (Sn,∆) with
∆ = (1− 1/m1)D1 + (1− 1/m2)D2
if Θ satisfies the positivity and boundary conditions
(44)
Θ(z) > 0, −1 < z < 1,
Θ(±1) = 0,
Θ′(−1) = 2/m2 Θ
′(1) = −2/m1.
Remark 5.2. This construction is based on the symplectic viewpoint
where different choices of Θ yields different complex structures all com-
patible with the same fixed symplectic form ω. However, for each Θ
there is an S1-equivariant diffeomorphism pulling back J to the original
fixed complex structure on Sn in such a way that the Ka¨hler form of the
new Ka¨hler metric is in the same cohomology class as ω [ACGTF08b].
Therefore, with all else fixed, we may view the set of the functions Θ
satisfying (44) as parametrizing a family of Ka¨hler metrics within the
same Ka¨hler class of (Sn,∆).
The Ka¨hler class Ωr = [ω] of an admissible metric is also called
admissible and is uniquely determined by the parameter r, once the
data associated with Sn (i.e. dN , sNn , gNn etc.) is fixed. In fact,
(45) Ωr = [ωNn ]/r + 2πPD[D1 +D2],
where PD denotes the Poincare´ dual. The number r, together with
the data associated with Sn will be called admissible data.
Define a function F (z) by the formula Θ(z) = F (z)/p(z), where
p(z) = (1+ rz)dN . Since p(z) is positive for −1 ≤ z ≤ 1, conditions (44)
are equivalent to the following conditions on F (z):
(46)
F (z) > 0, −1 < z < 1,
F (±1) = 0,
F ′(−1) = 2p(−1)/m2 F
′(1) = −2p(1)/m1.
Charles P. Boyer and Christina W. Tønnesen-Friedman 31
5.1. The Einstein Conditions. A Ka¨hler metric is KE if and only if
ρ− λω = 0
for some constant λ. From [ACG06] we have that the Ricci form of an
admissible metric given by (43) equals
(47) ρ = ρN−
1
2
ddc logF = sNnωNn−
1
2
F ′(z)
p(z)
ωNn−
1
2
(F ′(z)
p(z)
)′
(z)dz∧θ.
Thus the KE condition is equivalent the ODE
(48)
F ′(z)
p(z)
= 2sNn − 2λ(z+ 1/r).
Now (46) implies the necessary conditions
sNn − λ(−1 + 1/r) = 1/m2
sNn − λ(1 + 1/r) = −1/m1,
which are equivalent to
(49)
2λ = 1/m2 + 1/m1
2sNnr = (1 + r)/m2 + (1− r)/m1.
Since sNnr > 0 we see that the base manifold N (not surprisingly)
must have positive scalar curvature. If (49) is satisfied, then (48) is
equivalent to the ODE:
(50)
F ′(z)
p(z)
= (1− z)/m2 − (1 + z)/m1
Now it is easy to see that for a solution satisfying (46) to exist we
need
(51)
∫ 1
−1
((1− z)/m2 − (1 + z)/m1) p(z)dz = 0.
On the other hand, if this is satisfied
(52) F (z) :=
∫ z
−1
((1− t)/m2 − (1 + t)/m1) p(t)dt
would yield a solution of (48) satisfying all the conditions of (46).
Setting sNn = IN/n in the second equation of (49) we have the following
result.
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Proposition 5.3. Given admissible data and a choice of m1, m2 as
above the admissible metric (43), with Θ(z) = F (z)
p(t)
and F (z) given by
(52), is KE iff
2rIN/n = (1 + r)/m2 + (1− r)/m1
and (51) are both satisfied.
Lemma 5.4. For the log pair (Sn,∆) with
∆ = (1− 1/m1)D1 + (1− 1/m2)D2
the orbifold Chern class equals
corb1 (Sn,∆) = c1(N) +
1
m1
PD(D1) +
1
m2
PD(D2),
where c1(N) is viewed as a pull-back
Proof. The usual argument gives that
corb1 (Sn,∆) = c1(Sn) + (
1
m1
− 1)PD(D1) + (
1
m2
− 1)PD(D2)
and the lemma now follows from the fact that
c1(Sn) = c1(N) + PD(D1) + PD(D2).
One can verify the last fact by using the explicit Ricci form above
for some convenient choice of admissible metric (e.g. take F (z) =
(1 − z2)p(z)) in the case m1 = m2 = 1, but it should also follow from
general principles. 
In order to prove Theorem 1.1, we now assume that (Sn,∆) arises
as the quotient of the flow of a quasi-regular Reeb vector field, ξv, as
in Theorem 3.11. Since c1(D) = 0, the Ka¨hler class of the quotient
metric must be a multiple of corb1 (Sn,∆). Since 2πc1(N) = sNn [ωNn] =
IN [ωNn]/n and 2π(PD(D1)−PD(D2)) = [ωNn] (see e.g. Section 1.3 in
[ACGTF08b]) we see that
4πcorb1 (Sn,∆) = (2IN/n+1/m1−1/m2)[ωNn ]+(1/m1+1/m2)2π(PD(D1)+PD(D2))
and thus Ωr is a multiple of c
orb
1 (Sn,∆) precisely when the first condi-
tion of Propostion 5.3, namely 2rIN/n = (1 + r)/m2 + (1 − r)/m1, is
satisfied. Using the formulas for n, m1 and m2 in Theorem 3.11 we get
r =
w1v2 − w2v1
w1v2 + w2v1
.
Remark 5.5. As can be seen in our paper [BTF14b], the factor relating
the Ka¨hler class of the quotient metric and the Ka¨hler class Ωr only
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depends on the initial choice of l2 (to be precise the factor is l2/4π), so
for simplicity we will simply ignore it from here on out.
Canceling out common factors, Proposition 5.3 implies that (up to
isotopy) the Sasaki structure associated to ξv is η-Einstein (and thus,
up to transverse homothety, SE) iff
(53)∫ 1
−1
((v1 − v2)− (v1 + v2)z)) ((w1v2+w2v1)+ (w1v2−w2v1)z)
dNdz = 0.
For convenience we set w2/w1 = t and v2/v1 = c. For the admissible
set-up to make sense we assume c 6= t. We also assume 0 < t < 1 (i.e.
w1 > w2). Now equation (53) is equivalent to
(54)
∫ 1
−1
((1− c)− (1 + c)z)) ((c+ t) + (c− t)z)dNdz = 0.
Let f(c) denote the left hand side of (54) and assume t ∈ (0, 1) ∩Q is
fixed. Now it is easy to check that
f(t) > 0 and lim
c→+∞
f(c) = −∞.
Thus ∃ct ∈ (t,+∞) such that (54) is solved. Usually this ct will be
irrational. As discussed in Remark 5.4 of [BTF14a], this will correspond
to an irregular SE structure. In order to understand this we give the
admissible construction on the Sasaki level.
Let M0 denote the subspace of Ml1,l2,w where ξv acts freely. Note
that M0 is independent of v and is the total space of a circle bundle
over Sn0. Moreover, for any v we have
(55) Ml1,l2,w/M0 = π
∗
vD1
⊔
π∗vD2.
We can now pullback the admissible Ka¨hler class given by (45) to
give an admissible transverse Ka¨hler class ΩTr ∈ H
1,1
B (Fξv), as well as
the admissible data defined in Equations (44) and (43) to give the
admissible Sasakian data in the quasi-regular case. Explicitly we have
the transverse Ka¨hler metric and form
(56)
gT =
1 + rz˜
r
π∗vgNn+
dz˜2
Θ(z˜)
+Θ(z˜)(π∗vθ)
2, dηv =
1 + rz˜
r
π∗vωNn+dz˜∧π
∗
vθ,
where z˜ : Ml1,l2,w−−→[−1, 1] is the moment map of the lifted circle
action of the moment map z. Furthermore, Θ(z˜) satisfies its previous
conditions, and it is important to realize that the only dependence of
the admissible Sasakian data on v is through the boundary conditions
Θ′(−1) = 2/m2, Θ
′(1) = −2/m1, mi = vim.
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We then get a Sasaki metric in the usual way, namely gv = g
T +ηv⊗ηv
together with the full Sasakian structure Sv = (ξv, ηv,Φv, gv). Al-
though this construction was done for a pair of relatively prime positive
integers v1, v2 we see that by continuity all the data in the construction
makes perfect sense on Ml1,l2,w for any pair of positive real numbers
v1, v2. This defines the admissible Sasaki data in the case of irregular
Sasakian structures. Thus, an irregular solution to Equation (54) gives
a positive η-Einstein metric on the Sasaki manifold and hence an SE
metrics by a transverse homothety.
Example 5.6. Although the majority of the SE structures obtained in
this paper are irregular, we can, however, produce many quasi-regular
SE cases as follows: Set c = kt. Then (54) is equivalent with
(57)
∫ 1
−1
((1− kt)− (1 + kt)z)) ((k + 1) + (k − 1)z)dNdz = 0.
or
(58) t =
∫ 1
−1
(1− z) ((k + 1) + (k − 1)z)dNdz
k
∫ 1
−1
(1 + z) ((k + 1) + (k − 1)z)dNdz
.
Lemma 5.7. For k > 1,
0 <
∫ 1
−1
(1− z) ((k+1)+(k−1)z)dNdz <
∫ 1
−1
(1 + z) ((k+1)+(k−1)z)dNdz.
Proof. The first inequality is obvious and the next is equivalent to∫ 1
−1
z((k + 1) + (k − 1)z)dNdz > 0.
By integrating, this in turn is equivalent to
−dNn + (2 + dNn)k − (2 + dNn)k
dNn+1 + dNnk
dNn+2 > 0.
Setting p(k) = −dNn + (2 + dNn)k − (2 + dNn)k
dNn+1 + dNnk
dNn+2 we
observe that p(1) = p′(1) = 0 while p ′′(k) > 0 for all k > 1. Thus
p(k) > 0 for all k > 1 and hence the inequality holds. 
Now it follows that for any given k ∈ (1,+∞) ∩ Q, ∃t ∈ (0, 1) ∩ Q
(determined by (58)) such that if the co-prime integers w1 and w2 are
such that w2/w1 = t and then co-prime integers v1 and v2 are such
that v2/v1 = kt (and l1 and l2 are chosen according to Lemma 3.1)
then the ray determined by (v1, v2) in the w-Sasaki cone contains a
quasi-regular SE structure.
Note that when dN = 1, equation (58) is
t =
2 + k
k(1 + 2k)
.
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The quasi-regular SE solutions [GMSW04b] for Y p,q, as described in
Example 3.8, are recovered by choosing
k =
q +
√
4p2 − 3q2
2(p− q)
,
assuming, as is prescribed by e.g. Theorem 11.4.5 in [BG08], that
4p2−3q2 = n2, for some n ∈ Z. Note that, conversely for k = a/b with
co-prime a > b ∈ Z+, we have p = ab+ a2 + b2 and q = a2 − b2.
In general, the following result follows from Theorem 1.1.
Proposition 5.8. The Reeb vector field of the unique Sasaki-Einstein
metric of Y p,q lies in the w-Sasaki cone with w determined by Equations
(26).
5.2. Sasaki-Ricci solitons and extremal Sasaki metrics. Although
our main focus in this paper has been on SE structures, it is natural
to note that generalizing (48) to
(59)
F ′(z)
p(z)
− a
F ′(z)
p(z)
= 2sNn − 2λ(z+ 1/r),
where a ∈ R is some constant, corresponds to generalizing the KE
equation ρ− λω = 0 to the Ka¨hler Ricci soliton (KRS) equation
ρ− λω = LV ω,
with V = a
2
gradgz. By following e.g. Section 3 in [ACGTF08c] and
adapting it to our more general endpoint conditions (46) (but letting
d0 = d∞ = 0), it is now straightforward and completely standard to
verify that Proposition 5.3 generalizes with “KE” replaced by “KRS”,
(51) replaced by
(60)
∫ 1
−1
e−a z ((1− z)/m2 − (1 + z)/m1) p(z)dz = 0,
and (52) replaced by
(61) F (z) := ea z
∫ z
−1
e−a t ((1− t)/m2 − (1 + t)/m1) p(t)dt.
Moreover, equation (60) can always be solved for some a ∈ R. Thus
we realize that (up to isotopy) the Sasaki structure associated to every
single ray, ξv, in our w-Sasaki cone is a Sasaki-Ricci soliton (as defined
in [FOW09]). We mention also that Sasaki-Ricci solitons on toric 5-
manifolds were studied in [LTF13].
Our set-up (starting from a join construction) allows for cases where
no regular ray in the w-Sasaki cone exists. If, however, the given
w-Sasaki cone does admit a regular ray, then the transverse Ka¨hler
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structure is a smooth Ka¨hler Ricci soliton and the existence of an SE
metric in some ray of the Sasaki cone is predicted by the work of
[MN13].
Another generalization of (48) would be to require that
(62) F ′′(z) = (1 + rz)dN−1P (z),
where P (z) is a polynomial of degree 2 satisfying that
(63) P (−1/r) = 2dNsNnr.
It is well known that this corresponds to extremal Ka¨hler metrics (see
e.g. [ACGTF08b]). Moreover, similarly to the smooth case, one eas-
ily sees that (62) with (63) has a unique solution F (z) satisfying the
endpoint conditions of (46). Finally, since N is here a positive Ka¨hler-
Einstein metric, this polynomial F (z) also satisfies the positivity con-
dition of (46) by the standard root-counting argument introduced by
Hwang [Hwa94] and Guan [Gua95]. Thus (up to isotopy) the Sasakian
structure associated to every single ray, ξv, in our w-Sasaki cone is
extremal.
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